In this paper, we introduce and study two equivalence relations in semihypergroups, for which the corresponding quotient structures are monoids and commutative monoids.
Introduction
The concept of a hyperstructure was introduced in 1934 by Marty [20] at the 8th Congress of Scandinavian Mathematicians. Hyperstructures have many applications in several branches of both pure and applied sciences [7] .
In this paper we introduce and analyze two equivalence relations in semihypergroups, for which the corresponding quotient structures are monoids and commutative monoids. These relations extend an important equivalence relation in a semihypergroup, called the fundamental relation and denoted by β * . The relation β * was introduced by Koskas [18] and studied then by many researchers;
see [25, 24, [26] [27] [28] . An important result on the relation β is the following one: If H is a hypergroup, then β
Important results in this direction have been obtained by Davvaz and Karimian [10, 11, 17] , by Davvaz and Salasi [12] , and by Davvaz and Vougiouklis [13] .
The fundamental relation β is connected with another important notion in a semihypergroup, called a complete part. The notion of a complete part was introduced by Koskas [18] and studied then by Corsini [3] and Sureau [23] in the context of the general theory of hypergroups, by De Salvo from the combinatorial point of view [14] , and by Freni in connection with the structure of the heart [15] . This paper is structured as follows. After a presentation of some basic notions and results in
semihypergroups, we introduce and analyze the relation ζ e , for which the transitive closure leads to a monoid as a quotient structure.
In the next part we analyze when the relation ζ e is transitive and we give some necessary and sufficient conditions. Using the relation ζ * e , we characterize the derived ζ * e -strong semihypergroup. Finally, we propose a new relation, denoted by τ * e , which extends ζ * e and for which the quotient structure is a commutative monoid.
Basic notions and results in semihypergroups
A hypergroupoid (S, •) is a non-empty set S together with a hyperoperation • defined on S, that is a mapping from S × S into the family of non-empty subsets of S.
If (x, y) ∈ S × S, then its image under • is denoted by x • y and for simplicity by xy. If A, B are non-empty subsets of S then A • B is given by
for all a and b in S. We say that f is a good homomorphism if for all a and b
If (S, ·) is a semihypergroup (hypergroup) and R ⊆ S × S is an equivalence relation, we set A = R B ⇔ aRb, ∀a ∈ A, ∀b ∈ B, for all pairs (A, B) of non-empty subsets of S.
The relation R is said to be left (resp., right) strongly regular if
Moreover, R is called strongly regular if it is left and right strongly regular.
If (S, ·) is a semihypergroup (resp., hypergroup) and R is strongly regular, then the quotient S R is a semigroup (resp., group) under the operation
For all n > 1 we define the relation β n on a semihypergroup (S, ·), as follows:
If β * is the transitive closure of β, then β * is an equivalence relation.
Moreover, if S is a hypergroup, then β = β * ; see [4] .
A non-empty subset A of S is called a complete part of S if for all n 2 and for all (x 1 , x 2 , . . . , x n ) ∈ S n the following implication holds:
The relation ζ e
In this section we introduce a relation denoted by ζ e in a semihypergroup, which we shall use in order to determine a characterization of a new derived semihypergroup.
Let (S, ·) be a semihypergroup and e be some element of S.
Definition 3.1. We say that a pair (  n i=1 x i ,  m t=1 y t ) satisfies the condition P if m > n and there exist k and l in N such that 1 k n, k l m, m = n + (l − k + 1) and
e, if k t l;
We define 
For all 1 i n set x 
It is easy to see that the pair ( 
In the same way, we can show that xζ e y ⇒ zx Hence, for all v ∈ xz = u 0 z and for all u ∈ u m z = yz, taking 
Moreover, for all x ∈ S we have (x, ex) ∈ ℜ e P and (x, xe) ∈ ℜ e P . So for all y ∈ xe ∪ex, xζ e y and hence ζ * e (x) = ζ * e (y). Therefore ζ * e (x) ⊗ ζ * e (e) = ζ * e (x) = ζ * e (e) ⊗ ζ * e (x) and the proof is complete. Example 3.6. Consider the semihypergroup (S, * ), where * is defined on S as given in Table 1 .
We can see that the monoid S/ζ * e is as given in Table 2: Note that ζ * e (e) = ζ * e (a).
Example 3.7. Let X be a non-empty subset of F and f : F / / X * be a surjection map, where X * is the free semigroup on X and f (x) = x, for all x ∈ X . Then (F , ⋆) is a semihypergroup, where w 1 ⋆w 2 :
Example 3.8. We recall that a K H semihypergroup is a semihypergroup constructed from a semihypergroup H = (H, •) and a family {A(x)} x∈H of a non-empty subsets such that
and define the following hyperoperation ⋆: Proof. Let R be a strongly regular equivalence such that S/R is a monoid with the identity R(e). Let φ e : S → S/R be the canonical projection; so φ e is a good homomorphism.
Let x ζ e y. Suppose that there exists a pair (  n i=1 x i ,  m t=1 y t ) which satisfies the condition P and
and r ∈  m t=1 y t . Since φ e (e) = R(e) is the identity element of the monoid S/R, by (3.1) we obtain  n i=1 φ e (x i ) =  m t=1 φ e (y t ) and hence φ e (z) = φ e (r). Therefore φ e (x) = φ e (y) and so xRy. Similarly, if (A, B) satisfies the condition P and x ∈ B, y ∈ A, we obtain xRy. If x, y ∈  n i=1 x i then φ e (x) = φ e (y); hence xRy. Thus x ζ e y implies that xRy. Finally, let x ζ * e y. Since R is transitively closed, we obtain
The transitivity condition of ζ e
In this section we determine some necessary and sufficient conditions for the relation ζ e to be transitive.
Let M be a non-empty subset of a semihypergroup (S, ·).
satisfies the condition P and (P2)
Using this notion, we obtain the following characterization:
The following conditions are equivalent: 
 m t=1 y t ) satisfies the condition P; the other case is similar. Since 
Before proving the next theorem, we introduce the following notation.
Notation 4.3. Let x be an arbitrary element of a semihypergroup (S, ·).
For all n 1, set:
From the above notation and definitions, we obtain:
Proposition 4.4.
For all x ∈ S, P(x) = {y ∈ S | x ζ e y}.
Proof. Let x ∈ S and y ∈ P(x). So there exists n 1 such that
then there exists  m t=1 y t such that one of the pairs (
P and hence x ζ e y. If y ∈ P ℑ n (x), then the proof is immediate. Thus P(x) ⊆ {y ∈ S | x ζ e y}. The proof of the reverse of the inclusion is obvious.
Lemma 4.5. Let (S, ·) be a semihypergroup and let M be a ζ * e -part of S. If x ∈ M, then P(x) ⊆ M.
Proof. If y ∈ P(x), then xζ e y. First, suppose that there exists a pair (  n i=1 x i ,  m t=1 y t ) which satisfies the condition P and is such that (iii) ⇒ (i) Let x ζ e y and y ζ e z, so x ∈ P(y) and y ∈ P(z) by Proposition 4.4. Since P(z) is a ζ * e -part, by Lemma 4.5, we have P(y) ⊆ P(z) and hence x ∈ P(z). Therefore, x ζ e z by Proposition 4.4 and the proof is complete.
The ζ *
e -strong semihypergroup and a characterization of a derived ζ * e -strong semihypergroup In this part, using the relation ζ e , we characterize a derived ζ * e -strong semihypergroup. First, we need the next notion: Definition 5.1. Let (S, ·) be a semihypergroup and φ e be the canonical projection φ e : S → S/ζ * e .
Define D e (S) as the kernel of the canonical projection φ e , i.e., D e (S) = φ −1
e (e S/ζ * e ).
Proposition 5.2. For a non-empty subset M of a semihypergroup S we have D e (S)M
. Therefore φ e (x) = φ e (m) and hence φ e (x) ∈ φ e (M).
)).
We introduce now a class of semihypergroups for which the relation ζ e is transitive. 
Proof. (i) By Proposition 5.2 it is enough prove that
e (φ e (M)), an element m ∈ M exists such that φ e (x) = φ e (m). Since S is a ζ * e -strong semihypergroup, it follows that xe ∩ me ̸ = ∅. So there exists z ∈ xe ∩ me. Since {e} is invertible, we have x ∈ ze and hence x ∈ mee. Therefore x ∈ MD e (S),because ee ⊆ D e (S). Similarly we can prove φ
(ii) Let M be an ζ * e -part and set x ∈ φ Let z ∈ φ −1 e (φ e (P(x))), so there exists k ∈ P(x) such that φ e (z) = φ e (k) and hence ζ * e (z) = ζ * e (k). Since k ∈ P(x), xζ e k by Proposition 4.4. Thus ζ * e (k) = ζ * e (x) and so ζ * e (z) = ζ * e (x). Since S is a ζ * estrong semihypergroup, we have xe ∩ ze ̸ = ∅ and hence there exists s ∈ xe ∩ ze. Therefore x ∈ zee and z ∈ xee, because {e} is invertible and so z ∈ zeeee. Since (zee, zeeee) ∈ ℜ e P , we have xζ e z and hence z ∈ P(x). So we have proved that φ −1 e (φ e (P(x))) ⊆ P(x); it is obvious that P(x) ⊆ φ −1 e (φ e (P(x))). Therefore φ −1 e (φ e (P(x))) = P(x) and the proof is complete.
The relation τ * e
In this last part, we introduce another equivalence relation on a semihypergroup, for which the quotient hyperstructure is a commutative monoid.
Let (S, ·) be a semihypergroup and e be some element of S. Denote by S n the group of all permutations of the set {1, 2, . . . , n}. Definition 6.1. We say that a pair (  n i=1 x i ,  m t=1 y t ) satisfies the condition T if m > n and there exist k and l in N such that 1 k n, k l m, m = n + (l − k + 1) and ∃σ ∈ S n for which
Similarly to above, we define
Definition 6.2. We define the relation τ e on (S, ·) as follows:
Remark 6.3. The relation τ e is reflexive and symmetric.
Let τ * e be the transitive closure of τ e . Proof. Let R be a strongly regular equivalence such that (S/R, ⊗) is a commutative monoid with the identity R(e). Let φ e : S → S/R be the canonical projection, which is a good homomorphism. We check that xτ e y implies that xRy.
If there exists a pair
. Hence xRy. Similarly, if (A, B) satisfies the condition T and x ∈ B, y ∈ A, we obtain xRy.
whence xRy. Since R is transitively closed, we obtain Like for the relation ζ e , we introduce the following notation, in order to characterize the transitivity of the relation τ e . Notation 6.7. Let x be an arbitrary element of a semihypergroup (S, ·). For all n 1, set
 satisfies the condition T  ;
T (x) =  n 1 (P T n (x) ∪ P I n (x)). Using the above results, we obtain the following characterization for the transitivity property of the relation τ e :
Theorem 6.11. Let S be a semihypergroup. The following conditions are equivalent:
(i) τ e is transitive; (ii) for every x ∈ S, τ * e (x) = T (x); (iii) for every x ∈ S, T (x) is a τ * e -part of S.
Conclusion
Connections between binary relations and hyperstructures have been investigated in several papers and in some of them the quotient structures play an important role. This paper follows this direction of study. It presents two new equivalence relations in semihypergroups, which lead to monoid and commutative monoid quotient structures. This research direction is open to new studies, for instance the analysis of the finite case for several connections between hypergroups and binary relations.
